Abstract. We introduce and study a notion of algebraic entropy for selfmaps of finite length of Noetherian local rings, and develop its properties. We show that it shares the standard properties of topological entropy. For finite self-maps we explore the connection between the degree of the map and its algebraic entropy, when the ring is a Cohen-Macaulay domain. As an application of algebraic entropy, we give a characteristic-free interpretation of the definition of Hilbert-Kunz multiplicity.
Introduction and notations
Iterating a map from a space to itself generates a discrete-time dynamical system. One way to measure the complexity of such a system is by using the notion of entropy. In dynamical systems entropy is a notion that "measures the rate of increase in dynamical complexity as the system evolves with time." ([16, p. 313] .) Depending on the type of the underlying space and its self-maps, different notions of entropy can be defined and studied. For example, for compact topological spaces and continuous self-maps, Adler, Konheim, and McAndrew introduced the notion of topological entropy in [1] and for probability spaces and measure-preserving selfmaps, Kolmogorov introduced the notion of measure-theoretic entropy in [8] and later Sinai improved this notion in [14] .
In this paper we are concerned with discrete-time dynamical systems generated by local self-maps (endomorphisms) of Noetherian local rings. For a Noetherian local ring ÔR, mÕ, and a local self-map ϕ of R with the property that ϕÔmÕR is mprimary (a self-map with this property is said to be of finite length), we introduce a notion of algebraic entropy and develop its properties. In particular, we show that this notion of algebraic entropy shares many properties of topological entropy. To describe a number of these properties, let X be a compact topological space with Now let ϕ be a local self-map of finite length of a Noetherian local ring R, and note that if a is an ϕ-invariant ideal of R, that is, if ϕÔaÕR a, then ϕ induces a self-map of finite length of Rßa. Denote this induced self-map by ϕ. In Section 5 we will show that algebraic entropy satisfies the following properties:
1 ½ ) For any k È N, h alg Ôϕ k , RÕ k ¤ h alg Ôϕ, RÕ. 2 ½ ) If a is an ϕ-invariant ideal, then h alg Ôϕ, RßaÕ h alg Ôϕ, RÕ. 3 ½ ) If f : R R ½ is a ring isomorphism, then h alg Ôf ¥ϕ¥f ¡1 , R ½ Õ h alg Ôϕ, RÕ. The analogy between conditions 1 -4 and 1 ½ -4 ½ is evident.
A number of notions in local commutative algebra, that are associated with the Frobenius endomorphism and its iterations, currently only make sense in rings of positive characteristic (e.g., the Hilbert-Kunz multiplicity). The notion of algebraic entropy will allow us to give a characteristic-free interpretation of definitions of these notions. (In the case of the Hilbert-Kunz multiplicity, see Definition 3.6 and Remark 3.7.) Thus, using algebraic entropy, these notions may be defined and studied in any characteristic and for arbitrary self-maps of finite length.
The organization of material in this paper is as follows: Section 2 contains some preparatory but important facts about length of local ring homomorphisms, that will be used throughout the paper. We define the notion of algebraic entropy in Section 3 and give two examples. In Section 4 we develop the first set of properties of algebraic entropy. In Section 5 we prove a number of properties of algebraic entropy, that are similar to properties of topological entropy. In Section 6 we restrict our attention to finite self-maps of domains and explore the connection between the degree and algebraic entropy of such self-maps. Finally, in Section 7 we find upper and lower bounds for algebraic entropy. The Appendix contains a quick review of the definition of topological entropy, as defined in [1] .
Notations. All rings in this paper are assumed to be Noetherian, commutative and with identity element. By a self-map of a ring we mean an endomorphism of that ring. For a self-map ϕ of a ring we will write ϕ n for the n-fold composition of ϕ with itself. Given a ring homomorphism f : R S and an S-module N , we will denote by f¯N the R-module obtained by restriction of scalars. That is, f¯N is the R-module whose underlying abelian group is N and whose R-module structure is given by r ¤ x f ÔrÕ x, for r È R and x È f¯N . This notation is consistent with the one used in [5] . If M is an R-module of finite length, we will denote its length by ℓ R ÔMÕ. For a finite R-module M we will use νÔM Õ to denote the minimum number of generators of M over R. For a ring R, the set of all minimal prime ideals of R will be denoted by MinÔRÕ. Finally, if ϕ is a self-map of a ring R, we will denote the self-map induced by ϕ on SpecÔRÕ by a ϕ.
Preliminaries
Definition 2.1. A homomorphism f : ÔR, mÕ ÔS, nÕ of Noetherian local rings is said to be of finite length, if it is local and f ÔmÕS is n-primary. In this case we define the length of f , λÔf Õ È Ö1, Õ as λÔf Õ : ℓ S Sßf ÔmÕS¨. Proof. Since f is of finite length, f ÔmÕS is n-primary and since g is of finite length, by Proposition 2.3 gÔf ÔmÕSÕT is p-primary. Thus Ôg ¥ f ÕÔmÕT is p-primary, that is, g ¥ f is of finite length. Corollary 2.5. Let ÔR, mÕ be a Noetherian local ring, let ϕ be a self-map of finite length of R. Then ϕ n is also of finite length for all n 1.
Proof.
We proceed by induction on n. The statement is true for n 1 by assumption. Suppose the statement holds for n, i.e., suppose ϕ n is of finite length. Then since ϕ Proposition 2.6. Let f : R S be a local homomorphism of Noetherian local rings with residue fields k R and k S , respectively, and assume that Öf¯k S : k R × .
If N is an S-module of finite length, then f¯N is an R-module of finite length, and (2.1)
with N i ßN i¡1 k S . This gives rise to a filtration of f¯N ,
with quotients f¯N i ß f¯N i¡1 f¯k S . Thus, Equation 2.1 follows. Proposition 2.7. Let ÔR, mÕ be a Noetherian local ring, and let ϕ be a self-map of finite length of R. Let a be an ideal of R with the property ϕÔaÕR a. Let ϕ be the local self-map induced by ϕ on Rßa. Then ϕ is of finite length, and for any n È N:
Proof. Proof. By Nakayama's Lemma
ÔmÕRÕÕ . The result follows from Proposition 2.6 if we note that Öϕ n k : k× Öϕ¯k : k× n .
Proposition 2.9. Let f : ÔR, mÕ ÔS, nÕ be a homomorphism of finite length of Noetherian local rings. Let M be an R-module of finite length. Then a) M R S is an S-module of finite length.
We proceed by induction on ℓ R ÔMÕ. If M is an R-module of length 1, then M Rßm and all three parts of the proposition hold because in that case
Now assume that all three parts of the proposition hold for all R-modules of length n 0 , and let M be an R-module with ℓ R ÔMÕ n 0 1. Let M ½ be a submodule of M such that ℓ R ÔM ½ Õ 1 and ℓ R ÔMßM ½ Õ n 0 . Tensor the exact sequence 0 M ½ M M ßM ½ 0 with S to obtain an exact sequence
As this sequence shows, there is a surjection M ½ R S ker α 0. Since M ½ R S is, by base of induction, of finite length as an S-module, so is ker α. As a result, M R S is also an S-module of finite length, and the above sequence yields ℓ S ÔM R SÕ ℓ S ÔM ½ R SÕ ℓ S ÔÔMßM ½ Õ R SÕ. Now a) and b) quickly follow from this inequality by using the induction hypothesis. When f is flat, we can put a 0 on the left side of Sequence 2.2, and then we obtain the equality
follows immediately from this equality by using the induction hypothesis. 
For the second inequality we note that there is a canonical
Thus, using Proposition 2.9-b
b) If g is flat, then by Proposition 2.9-c the inequality in Equation 2.3 turns into an equality, and the result follows immediately.
Algebraic entropy of local self-maps
The lemma that follows is well-known in dynamical systems (see, for example [15, Theorem 4.9, p. 87]). a) For all n È N, a n , b n 1 and Ø n a n Ù is bounded above; b) For any n, m È N, a n m a n ¤ a m , and b n m b n ¤ b m , respectively. Then the sequences ØÔlog a n ÕßnÙ and ØÔlog b n ÕßnÙ are both convergent. Moreover, ØÔlog a n ÕßnÙ sup n ØÔlog a n ÕßnÙ and ØÔlog b n ÕßnÙ inf n ØÔlog b n ÕßnÙ.
Note that by assumption a) α is a non negative real number. Also, by assumption b) we have b n Ôb 1 Õ n for all n 1. Thus β is also a non negative real number. Now for every ε 0 there exists n 0 such that Ôlog a n0 Õßn 0 α ¡ ε (respectively Ôlog b n0 Õßn 0 β ε). Given an integer n n 0 , let us write n n 0 q r, with 0 r n 0 . Then using our assumptions (c) and (a) we have
From these inequalities we can deduce log a n n
Hence, if we take n large enough so that n 0 n 0 rßq α ¡ 2ε α ¡ ε Ôrespectively log b r n ε for all 0 r n 0 Õ, then we will get Ôlog a n Õßn Ôα¡ 2εÕ (respectively, since n 0 n 0 rßq 1, we will get log b n n Ôβ εÕ ε β 2ε.Õ
These inequalities together with the definition of α and β show that lim n log a n n α and lim n log b n n β. ÕÕßnÙ converges to its infimum. Definition 3.3. Let ÔR, mÕ be a Noetherian local ring, let ϕ be a self-map of finite length of R. We define the algebraic entropy of ϕ as
Calling a quantity entropy requires justification. In our case, notable analogies between h alg Ôf, RÕ and topological entropy serve to justify our terminology. Applying logarithm, dividing by n and letting n approach infinity, we see that h alg Ôϕ, RÕ 0. Thus, the algebraic entropy of any local self-map of a Noetherian local ring of dimension zero is 0. 
where Øy 1 , . . . , y d Ù runs over all systems of parameters of R. Applying logarithm, dividing by n and letting n approach infinity we see that h alg Ôϕ, RÕ d ¤ log p.
Following a number of ideas of Kunz, in [12] Monsky defined the HilbertKunz multiplicity for the Frobenius endomorphism of Noetherian local rings of positive characteristic. He then showed that in this case, Hilbert-Kunz multiplicity always exists. It is not easy to compute Hilbert-Kunz multiplicities . It often takes on non-integer values. It is not even known whether it is always a rational number. Nevertheless, it has become evident through works of various authors, that it provides a reasonable measure of the singularity of R. Inspired by Example 3.5, here we propose a characteristic-free interpretation of the definition of Hilbert-Kunz multiplicity.
Definition 3.6 (Hilbert-Kunz multiplicity). Let R be a Noetherian local ring of arbitrary characteristic, and let ϕ be a self-map of finite length of R. Let pÔϕ, RÕ :
Then the Hilbert-Kunz multiplicity of R with respect to ϕ is defined as Remark 3.7. In the general case, we do not know whether the limit in 3.1 always exists or not. 
Since ϕÔmÕR m, we have λÔϕ
We get the result by applying logarithm, dividing by n and letting n approach infinity. The following proposition shows that when ϕ is a contracting self-map in the sense of Definition 3.9, then we can compute h alg Ôϕ, RÕ using any ideal of definition of the ring. We obtain the result by applying logarithm and letting n approach infinity. Proof. We first show λÔψÕ . The commutativity of the diagram shows that ψ must be a local map. By Corollary 2.4 the map f ¥ ϕ is of finite length.
Then from the commutativity of the diagram it follows that ψ ¥ f is also of finite length. Since ψÔnÕS ψ ÔfÔmÕSÕ S and since ψ ¥f is of finite length, it follows that ψÔnÕS is n-primary, that is, ψ is of finite length. By Corollary 2.5 ϕ n and ψ n are also of finite length. Noting that ψ n ¥f f ¥ϕ n and using the flatness of f , by Corollary 2.10 we obtain
The result follows immediately from these inequalities by taking logarithms, dividing by n, and letting n approach infinity. Proof. It is immediately clear that S is a subring of R and that n is an ideal of S. To show that n is the (only) maximal ideal of S, consider an element s È SÞn. Since s Ê n, there is an n 0 such that s Ê ϕ n0 ÔmÕ. In fact, since for n n 0 ,
ÔmÕ, we see that s Ê ϕ n ÔmÕ for all n n 0 . Hence, there are units y n È RÞm such that s ϕ n Ôy n Õ for all n n 0 . Since s is clearly a unit in R, it has a unique multiplicative inverse s ¡1 in R. From uniqueness of multiplicative inverse it immediately follows that we must have s ¡1 ϕ n Ôy ¡1
n Õ, for all n n 0 . Hence, s ¡1 È S, that is, s is also a unit in S.
To prove the statements about the ideal a, note that by its definition, a has a set of generators x 1 , . . . , x g È n. So ϕÔaÕR can be generated by ϕÔx 1 Õ,
9).
The next lemma shows that any self-map of a local ring of mixed characteristic naturally induces a self-map of another local ring of equicharacteristic p 0 with the same algebraic entropy. Proposition 4.6. Let R be a Noetherian ring, and let ϕ be a finite local self-map of R. If we denote the minimum number of generators of the R-module ϕ n R by νÔϕ n RÕ, then the sequence ØÔlog νÔϕ n RÕÕßnÙ converges to its infimum. We will denote this limit by by ν .
Proof. We will apply Lemma 3.1 to prove this proposition, taking 
Proof. By definition of algebraic entropy
We need the following two lemmas for the proof of Theorem 5.4. and then compare the lengths in the resulting surjection, by using Proposition 2.7, Proposition 2.6 and the Third Isomorphism Theorem, we can quickly see
ÔmÕR×Õ, the previous inequality together with Inequality 5.1 yield
If we apply logarithm, divide by n, and let n approach infinity, by using Lemma 5.2 and Proposition 2.7 we obtain
This establishes the result for s 2. Now we assume the statement holds for all s with 2 s n 0 , and we show it also holds for s n 0 1. To this end, we can write the product n0 1 i 1 a i of our ideals in the form Ô n0 i 1 a i ÕÔa n0 1 Õ and then apply the case s 2 followed by the case s n 0 to establish the result for s n 0 1, using the induction hypothesis.
The next result shows that if a self-map ϕ of a Noetherian local ring R 'fixes' minimal prime ideals of R, then its algebraic entropy is equal to the maximum algebraic entropy of the self-maps that it induces on each irreducible component of SpecÔRÕ. Proof. Before we begin the proof, it is noteworthy that by [10, Theorem 15.1(i), p. 116] the assumptions about f and g imply dim R dim S. To simplify notations we will write ϕ : g ¥ f and ψ : f ¥ g. Then ϕ is a local self-map of R and ψ is a local self-map of S. Moreover, by Corollary 2.4, ϕ and ψ are of finite length. Writing ϕ n 1 in the form g ¥ ψ n ¥ f and using Corollary 2.10, we obtain
By symmetry we also obtain
Applying logarithm to these inequalities, then dividing by n 1 and letting n go to infinity, we obtain
Corollary 5.7 (Invariance). Let ÔR, mÕ and ÔS, nÕ be two Noetherian local rings.
Suppose f : R S is an isomorphism, and let ϕ be a self-map of of finite length
Proof. It suffices to apply Lemma 5.6 to the following homomorphisms
Corollary 5.8. Let ÔR, mÕ be a Noetherian local ring, let ϕ be a self-map of finite length of R. Let a be an ideal of R with the property ϕÔaÕR a, and write ϕ for both self-maps induced by ϕ on Rßa and RßϕÔaÕR. Then
where ϕ ½ and id are canonical homomorphisms induced by ϕ and identity of R, respectively.
Proposition 5.9. Let R be a Noetherian local ring and let ϕ be an integral local self-map of R. Let a ϕ be the self-map induced by ϕ on SpecÔRÕ. Assume that all minimal prime ideals of R contain ker ϕ. Then the restriction of a ϕ to MinÔRÕ is a permutation of the set MinÔRÕ. 
Proof. First we should note that since ϕ is integral, it is of finite length. By Theorem 5.4
p , RÕ p ¤ h alg Ôϕ, RÕ and the result follows.
Corollary 5.11. Let R be a Noetherian local ring and let ϕ be an integral local self-map of R. Assume that all minimal prime ideals of R contain ker ϕ. Then an element x È R belongs to a minimal prime ideal of R, if and only if ϕÔxÕ belongs to a minimal prime ideal of R.
Proof. Let x be an element of R. If ϕÔxÕ È p for some p È MinÔRÕ, then we have x È ϕ ¡1 ÔpÕ and by Proposition 5.9 ϕ ¡1 ÔpÕ È MinÔRÕ. Conversely, suppose x È q for some q È MinÔRÕ. Then by Proposition 5.9 there is a minimal prime ideal p È MinÔRÕ such that q ϕ ¡1 ÔpÕ. Hence ϕÔxÕ È p.
Corollary 5.12. Let R be a Noetherian local ring and let ϕ be an integral local selfmap of R. Assume that all minimal prime ideals of R contain ker ϕ. If p Ê MinÔRÕ, then ϕ ¡1 ÔpÕ Ê MinÔRÕ. Proposition 5.14. Let ÔR, mÕ be a Noetherian local ring, let ϕ be a self-map of of finite length of R. For any integer n 1 let ϕ n be the local self-map induced by ϕ on Rß ker ϕ n (see Remark 5.13). Then Õ log degÔf Õ in [7] . Here degÔf Õ is the topological degree of f . In this section we will obtain similar relations between algebraic entropy and degree of a finite self-map (see Theorem 6.4). First, we will make it clear what we mean by degree here.
Definition 6.1. Let R be a Noetherian local domain, and let ϕ be a finite self-map of R. Then by degree of ϕ, degÔϕÕ, we mean the rank of the R-module ϕ¯R. Note that the equality degÔϕ Proof. Let d dim R. By definition of multiplicity We get the desired inequality by applying logarithm, dividing by n and letting n approach infinity. b) Suppose R is Cohen-Macaulay and let q be an arbitrary parameter ideal of R. Then λÔϕ
Since R is Cohen-Macaulay (see, e.g., [10, Theorem 17.11, p. 138])
where the last equality holds by Lemma 6.2. Applying logarithm, dividing by n, and letting n approach infinity we obtain h alg Ôϕ, RÕ log degÔϕÕ ¡ logÖϕ¯k : k×.
This inequality together with the inequality in part a) yield the result.
Bounds for algebraic entropy
The following definition is inspired by a similar definition given in [13, p. 11] . Applying logarithm, dividing by n and letting n approach infinity, we see that
In the second case, when vÔϕ n Õ , the sequence ØvÔϕ n ÕÙ must be bounded.
Hence, there is a constant c such that 1 vÔϕ n Õ c. Applying logarithm, dividing by n and letting n approach infinity, we see that v h ÔϕÕ 0. Now, if wÔϕ 
Appendix A. Topological entropy
A local self-map of finite length of a Noetherian local ring R induces a selfmap on SpecÔRÕ, as well as the punctured spectrum U R of R. The complexity of the induced map may be measured by the notion of topological entropy that was introduced in [1] . The induced map could be as simple as the identity map, even when the ring self-map is not identity. For example, when R is of positive characteristic p, then the Frobenius endomorphism induces the identity map on the punctured spectrum. It is then not surprising that the topological entropy of the Frobenius endomorphism is 0, while its algebraic entropy is d ¤ log p, as was shown in Example 3.5. The following definitions are taken from [1] .
Let X be a compact topological space. For any open cover U of X let N ÔUÕ minØ V : V is a subcover of UÙ. Note that since X is compact, N ÔUÕ is always finite. If U and W are two open covers of X, define their join U W as follows
An open cover W is said to be a refinement of a cover U, written U W, if every member of W is a subset of some member of U. In applications to algebraic geometry, one can consider topological entropy for self-maps of SpecÔRÕ, as well as self-maps of the punctured spectrum U R of a Noetherian local ring R. Note that SpecÔRÕ and U R are compact spaces (see [6, Proposition 1.1.4, p. 195] ).
